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Abstract
We discuss RG flows in 5d gauge theories triggered by VEVs of either mesonic or baryonic operators.
As a warm-up, we explicitly discuss the counterpart of these flows in 4d gauge theories with N = 2 super-
symmetry by focusing on the A1 theory. As opposed to the N = 1 case, in cases with 8 supercharges we
need to solve a more involved PDE. In the 5d case the boundary conditions for such equation play a crucial
role in order to reproduce the expected spectrum.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
1. Introduction
The basic version of the AdSd+1/CFTd correspondence equates gravity in an AdSd+1 back-
ground with a certain CFTd living on its boundary. On general grounds, the AdSd+1 space arises
as the near brane geometry of a stack of branes at the tip of a certain – typically singular – cone
whose radial coordinate becomes the AdSd+1 radius while its base encodes the details of the
CFTd . While the CFTd might have a rich structure of vacua, the AdSd+1 dual describes just the
trivial one where no operator is taking a VEV. In the following we will assume the CFTd to
have a moduli space of vacua. Hence, it is natural to probe its structure by moving among vacua
upon considering operator VEVs in the CFTd . On general grounds, operator VEVs will trigger
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description will not anymore be exactly AdSd+1 but only an asymptotically AdSd+1. In fact,
since we are considering moving on the moduli space of the CFTd rather than adding a defor-
mation, the asymptotics should be just the same. Then, the internal structure of the space as one
goes from the boundary to the bulk encodes the precise details of the RG flow, in particular which
operators are taking a VEV as well as their dimensions and other quantum numbers. Of course,
deep in the interior, one expects a different AdSd+1 throat to locally develop standing for the IR
fixed point theory.
In this paper we study aspects of these RG flows in theories with 8 supercharges in 4 and
5 dimensions. Our flows come in two broad types, namely one in which a meson-like operator
acquires a VEV, and another in which a baryon-like operator acquires a VEV. The former cor-
responds to locating the branes sourcing the geometry away from the tip of the singular cone –
hence we dub them singular flows – while the later correspond to blow-ups of the cone – we re-
fer to them as baryonic flows. As the name indicates, in the baryonic flows a baryonic symmetry
undergoes spontaneous breaking by the VEV. In the 4d case, similar flows have been considered,
mostly for the N = 1 case (see e.g. [1–6]). Here we consider in detail the N = 2 case, which
presents some particularities such as the need to solve a rather involved PDE. Furthermore, this
case serves as warm-up for the basically unexplored 5d case. In the later we find an interesting in-
terplay among boundary conditions which allows to find the correct dimensions for the operators
in the gravity side.
We will particularize our discussion to branes probing the A1 singularity. While the 4d case
corresponds to D3 branes probing C2/Z2 ×C, the 5d case corresponds to D4 branes probing the
A1 singularity wrapped by an O8− plane with Nf D8. Then, the organization of the paper is as
follows. In Section 2 we study the gravitational aspects of d = 4 flows, both in the singular and
resolved cases. We then turn to the gauge theory description, discussing first the wavefunctions
on the A1 singularity. Through these we can explicitly identify the dual operators, both in the
singular and resolved case. The latter nicely fits as a broken baryon symmetry phase. Indeed,
using standard techniques, we identify both the VEV of the baryon condensate and the Gold-
stone boson. In Section 3 we turn to the 5d case. This case is a bit more subtle, as two possible
theories, due to the orientifold action, are possible. After describing them, we turn to study flows
in the singular and resolved spaces. A singularity in the background, already present in the trivial
AdS6 vacuum and with a clear string theory interpretation, plays a crucial role in selecting the
dimensions of the operators taking VEV. In the broken baryon symmetry case we also identify
the VEV of the condensate as well as the Goldstone boson. We finish in Section 4 with some
conclusions.
2. 4dN = 2 flows
In this section we study RG flows in a 4d N = 2 gauge theory through its holographic dual.
The simplest example is the so-called A1 gauge theory, which can be engineered by placing N
D3 branes probing a C2/Z2 × C singularity [7]. The CFT is a SU(N) × SU(N) gauge theory
with global non-R symmetry SU(2)M ×U(1)B , being SU(2)M a mesonic global symmetry and
U(1)B a baryonic symmetry.
The types of flows which we will consider are triggered by motion on the moduli space,
that is, by the VEV of certain operators. On general grounds we can imagine two types of such
flows: one “mesonic” type where all operators acquiring a VEV are neutral under the U(1)B and
another “baryonic” type where an operator charged under the U(1)B acquires a VEV. The former
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away from the tip of the cone, while the later possibility corresponds to the blow-up of the cone.
We stress that in both cases the backgrounds corresponding to the flows asymptote to the same
geometry, namely that of the singular cone. Hence both geometries indeed correspond to motion
on the moduli space of the dual gauge theory – rather than turning on a deformation.
In the gravity side, we consider a stack of D3 branes probing the – possibly resolved –
C
2/Z2 × C geometry (we collect some useful details on the geometry of the C2/Z2 singular-
ity in Appendix A). On general grounds we can write the standard Freund–Rubin ansatz for the
background
ds2 = h− 12 dx21,3 + h
1
2 ds26 , F5 = (1 + )d
(
h−1
)∧ dx0 ∧ · · · ∧ dx3; (1)
where h is only a function of the internal coordinates and the internal space metric ds26 is
ds26 =
dr21
f (r1)
+ r
2
1
4
f (r1)(dψ + cos θdφ)2 + r
2
1
4
(
dθ2 + sin2 θdφ2)+ dr22 + r22dχ2 (2)
being
f (r1) = 1 − c
4
r41
. (3)
The equation of motion of the 5-form field strength yields to
d 6 dh = Cδ, (4)
being 6 the Hodge dual with respect the metric in the internal space, C a normalization constant
and δ the source term – in the end we have D3 branes somewhere in the cone. In the following
we will particularize this general equation to the cases of interest.
2.1. Flows on the singular cone
We consider a stack of D3 branes at a certain point away from the tip of the singular C2/Z2 ×
C in the internal space. The equation of motion (4) is just the Laplace equation in the internal
space, which can be written as
1
r31
∂r1
(
r31∂r1h
)+ 4
r21
	h+ 4
r21
∂2ψh+
1
r2
∂r2(r2∂r2h)+
1
r22
∂2χh =
C√
det g6
δ(X −X0), (5)
where X is a generic label for the internal coordinates and X0 is the position where the stack is;
and where C is a constant related to the AdS5 radius L as
L4 = C
4 vol(S5/Z2)
. (6)
Besides
	 = 1
sin θ
∂θ (sin θ∂θ )+
(
∂φ
sin θ
− cot θ∂ψ
)2
. (7)
Let us collectively denote the {ψ,θ,φ,χ} coordinates by ξ . Then the Laplacian reads schemati-
cally (	r1 +	r2 +	ξ)h = Cδ(r1 − r01 )δ(r2 − r02 )δ(ξ − ξ0), being 	k the appropriate Laplacians
along the Xk directions.
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	Y˜R,l,m = −
(
l(l + 1)−R2)Y˜R,l,m. (8)
We can then construct
YI = einχ Y˜R,l,m, (9)
where I collectively stands for all indices. As reviewed in Appendix B, in order to have a well-
defined solution, R, l,m ∈ Z (with l ≥ |m|, l ≥ |R|). Besides, since χ ∈ [0,2π ], it is clear that
n ∈ Z. Upon expanding
h =
∑
hI (r1, r2)Y

I (ξ0)YI (ξ), (10)
then the equation of motion becomes of the form
∑
(	r1 + 	r2 + f (r1, r2))hI Y I (ξ0)YI (ξ) =
Cδ(r1 − r01 )δ(r2 − r02 )δ(ξ − ξ0). Since Y˜R,l,m form a complete set of eigenfunctions, so do the YI .
Hence
∑
I Y

I (ξ0)YI (ξ) = δ(ξ − ξ0). Thus, in order to find a solution of the complete equation
we need to demand (	r1 +	r2 + f (r1, r2))hI = Cδ(r1 − r01 )δ(r2 − r02 ), which explicitly reads
1
r31
∂r1
(
r31∂r1hI
)− 4l(l + 1)
r21
hI + 1
r2
∂r2(r2∂r2hI )−
n2
r22
hI
= C
r31 r2
δ
(
r1 − r01
)
δ
(
r2 − r02
)
. (11)
In order to further proceed, it is useful to introduce polar coordinates as r1 = ρ cosα and r2 =
ρ sinα. In these coordinates the branes will be at {ρ0, α0}. It is easy to check that the regular
solutions are
h<I =
C
4l + 2n+ 4
1
ρ40
(
ρ
ρ0
)2l+n
cos2l α sinn α ↔ ρ < ρ0,
h>I =
C
4l + 2n+ 4
1
ρ4
(
ρ0
ρ
)2l+n
cos2l α sinn α ↔ ρ > ρ0. (12)
Collecting all the pieces, we can write the warp factor in the ρ > ρ0 region as
h = C
4ρ4
+
∑
l,n>0
C
4l + 2n+ 4
1
ρ4
(
ρ0
ρ
)2l+n
YI (α0, ξ0)YI (α, ξ); (13)
while in the ρ < ρ0 region it reads
h = C
4ρ40
+
∑
l,n>0
C
4l + 2n+ 4
1
ρ40
(
ρ
ρ0
)2l+n
YI (α0, ξ0)YI (α, ξ); (14)
being
YI (α, ξ) = cos2l α sinn αYI (ψ, θ,φ,χ). (15)
Note in particular that, as advertised above, the geometry asymptotes just like the singular cone.
Indeed h, in the ρ > ρ0 region, starts as ρ−4.
1 See the Appendix B for an introduction to these eigenfunctions.
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The coordinates used in the previous section are adapted to the orbifold, as the A1 singularity
is explicitly separated from the C factor. However, upon a change of coordinates, the metric in
the internal space can be written as
ds26 = dρ2 + ρ2ds2S5/Z2 . (16)
The equation for h is just
1
ρ5
∂ρ
(
ρ5∂ρh
)+ 1
ρ2
	S5/Z2h = Cδ, (17)
being 	S5/Z2 the Laplacian on the S
5/Z2. Since that space is locally identical to S5, the equation
of motion looks exactly like the S5 one. Denoting the S5 angular coordinates by ξ¯ and setting
h =
∑
hI (ρ)YI (ξ¯0)YI (ξ¯ ), (18)
with YI the S5 spherical harmonics, the hI (ρ) eom is
1
ρ5
∂ρ
(
ρ5∂ρhI
)− (+ 4)
ρ2
hI = C
ρ5
δ(ρ − ρ0); (19)
whose solution is
h<I =
C
4 + 2
1
ρ40
(
ρ
ρ0
)
↔ ρ < ρ0,
h>I =
C
4 + 2
1
ρ4
(
ρ0
ρ
)
↔ ρ > ρ0. (20)
We have not yet taken into account the orbifold. Prior to orbifolding, we see that modes
are classified into representations of spin  of SO(6). Decomposing such representations into
U(1)χ × SU(2)M × SU(2)R , the orbifold selects a subset of representations with even spin, that
is  = 2l + n, where 2l stands for the orbifold, hence recovering the results in the previous anal-
ysis.
2.2. Flows on the resolved cone
We now consider the resolution of the cone (see Appendix A). Then Eq. (4) becomes
r−31 ∂r1
(
r31f ∂r1h
)+ 4
r21
	h+ 4
r21f
∂2ψh+
1
r2
∂r2(r2∂r2h)+
1
r22
∂2χh = Cδ, (21)
where we collectively denote the sources by δ and where
	 = 1
sin θ
∂θ (sin θ∂θ )+
(
∂φ
sin θ
− cot θ∂ψ
)2
. (22)
Just as in the singular case we can write
h =
∑
I
hI (r1, r2)Y

I (ξ0)YI (ξ). (23)
Hence, the equation for hI (away from the sources) is
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(
r31f ∂r1hI
)− 4(l(l + 1)−R2)
r21
hI − 4R
2
r21f
hI + 1
r2
∂r2(r2∂r2hI )−
n2
r22
hI = 0. (24)
Since the D3 branes will be located at r1 = c and r2 = 0, where the χ circle and the ψ circle
shrink, it’s reasonable to truncate to R = n = 0. Then, the equation to solve is
1
r31
∂r1
(
r31f ∂r1hI
)− 4l(l + 1)
r21
hI + 1
r2
∂r2(r2∂r2hI ) = 0. (25)
Let us now switch to the {ρ,α} coordinates, so that the above equation becomes(−4l(1 + l)ρ4hI sec(α)2 tan(α)+ (ρ4 − (3ρ4 + c4(2 + cos(2α)) sec(α)4) tan(α)2)∂αhI
+ tan(α)((ρ4 − c4 sec(α)2 tan(α)2)∂2αhI + ρ((5ρ4 + c4 sec(α)2)∂ρh(ρ,α)
+ 2c4 sec(α)2 tan(α)∂α∂ρhI + ρ
(
ρ4 − c4 sec(α)2)∂2ρhI ))) tan(α) = 0. (26)
We have not been able to solve exactly the previous equation. Nevertheless, we can study its
large-ρ asymptotic properties. To that matter, we set to first order
hI =
(
c
ρ
)a
f (α), (27)
and expand in powers of c
ρ
. The leading term determines f (α) as(−4a + a2 − 2m2 + (−4 + a)a cos(2α))f sinα + 2(cos(3α)f ′ + cos2 α sinαf ′′)= 0;
(28)
where for simplicity we have set m2 = 4l(l + 1). The solution to this is
f = cos−1+
√
1+m2 α 2F 1
[
3
2
− a
2
+
√
1 +m2
2
,
− 1
2
+ a
2
+
√
1 +m2
2
,1 +
√
1 +m2, cos2 α
]
. (29)
Regularity at α = 0 demands
a = 4 +
√
1 +m2 − 1 + 2q = 4 + 2l + 2q, (30)
for q ∈ Z. This integer arises since regularity at α = 0 demands a certain (x)−1 function to
vanish, which happens for x = −q . This integer should not be confused with the n in Section 2.1,
as the later is related to the U(1) charge conjugate to χ , while q is not related to any charge.
We can directly read off the dimension of the modes from here, which is just a−4. Hence 	 =
2l+2q . Note that, since a = 4+	, we again have that, as promised, the geometry asymptotically
becomes just the same as the singular cone. This explicitly reflects the fact that also the blow-up
geometry corresponds to a flow triggered not by a deformation of the gauge theory but by a VEV.
2.3. Gauge theory
The AdS/CFT duality implies that the above geometries describe two different RG flows
along which certain operators OI acquire a VEV. Such operators correspond to the wavefunctions
〈OI 〉 = ρ2l+mnYI (ξ0), (31)0
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In order to identify the gauge theory operators corresponding to the YI (ξ0), let us first turn
to the algebraic geometry of the C2/Z2 × C. Introducing complex coordinates zi related to the
real ones as
z1 = ρ cosαei ψ+φ2 cos θ2 , z2 = ρ cosαe
i
ψ−φ
2 sin
θ
2
, z3 = ρ sinαeiχ , (32)
we have that the C2/Z2 ×C space is defined by the zi coordinates together with the identification
(z1, z2) ∼ (−z1,−z2).
Let us strip off the C factor and concentrate on the C2/Z2 space. In complex coordinates,
the metric is simply ds2A1 = dz1dz¯1 + dz2dz¯2. This is invariant under SU(2)M × SU(2)R . The
SU(2)M symmetry acts on the (z1, z2) doublet, while the SU(2)R symmetry acts on the (z1, z¯2)
doublet. Both these actions are compatible with the orbifold projection for this Z2 case – since it
acts diagonally by a −1 on either doublet.
Let us first forget about the orbifold projection. Out of the SU(2)R , only its U(1)R subgroup
is manifest. Hence, it is useful to consider the manifest symmetry subgroup SU(2)M × U(1)R .
The charges of the {zi, z¯i} under its U(1)M ×U(1)R Cartan are
z1 z2 z¯1 z¯2
U(1)M 12 − 12 − 12 12
U(1)R 1 1 −1 −1
(33)
Following [1], we consider forming the states
∣∣∣∣n2 ,m
〉
=
√
1
( n2 +m)!( n2 −m)!
z
n
2 +m
1 z
n
2 −m
2 ,
∣∣∣∣n2 ,m
〉
=
√
1
( n2 +m)!( n2 −m)!
z¯
n
2 +m
2 z¯
n
2 −m
1 . (34)
Here m ∈ [−n2 , n2 ]. Such states have the following charges
|n2 ,m〉 |n2 ,m〉
U(1)M m m
U(1)R n −n
(35)
Thus these states are the states in a spin l = n2 representation of SU(2) – hence the labels of the
states. On the other hand, for the |n2 ,m〉, since l = n2 and R = n, it is clear that n2 = l2 + R4 , while
for the |n2 ,m〉, since l = n2 and R = −n, n2 = l2 − R4 . Hence, we can label the states as∣∣∣∣n2 ,m
〉
=
∣∣∣∣ l2 + R4 ,m
〉
,
∣∣∣∣n2 ,m
〉
=
∣∣∣∣ l2 − R4 ,m
〉
. (36)
With these we can now construct arbitrary SU(2)M and U(1)R states. These are labeled by the
SU(2)M quantum numbers {l,m} and by the R charge as |l,m;R〉, and are constructed as
|l,m;R〉 =
∑
C
{l,m}
{{ l +R ,m },{ l −R ,m }}
∣∣∣∣ l + R ,m1
〉∣∣∣∣ l − R ,m2
〉
, (37)2 4 1 2 4 2 2 4 2 4
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that the states |l,m;R〉, when written in terms of the real coordinates, become just the Y˜R,l,m
functions.
We are still not done, as we need to recover the C factor. It is parametrized by the complex
coordinate z3, and the metric is ds2C = dz3dz¯3, which is obviously invariant under a U(1)χ
symmetry. The relevant wavefunctions are simply, up to a normalization, |n〉 = zn3 , which have
U(1)χ charge n. It then follows that
YI = |n〉|l,m;R〉. (38)
Note that zn3 adds a factor of sin
n α, so that the YI recover the expression of the wavefunctions
obtained from the gravity side.
We still need to consider the effect of the orbifold projection. Upon acting with the orbifold,
the states in Eq. (34) pick a factor (−1)±n. Hence, the surviving states are those for which n is
even. This translates into the fact that the only allowed states are those with even R.
We now turn to the gauge theory. It is a N = 2 SU(N) × SU(N) gauge theory with 2 hy-
pers which can be broken in N = 1 language into two bifundamentals in the (, ¯) and two
bifundamentals in the (¯,). The W is
W = φ1AiBj ij + φ2BiAjij . (39)
The theory shows an SU(2)M symmetry rotating Ai and Bi . Besides, it has a U(1)r × SU(2)R
R-symmetry. The Cartan of the non-abelian factor of the R-symmetry will be denoted U(1)R ,
while the Cartan of the SU(2)M will be denoted by U(1)M . The charges of each field under such
Cartans are
φ1 φ2 A1 A2 B1 B2
U(1)M 0 0 12 − 12 12 − 12
U(1)R 0 0 1 1 1 1
U(1)r 23
2
3
2
3
2
3
2
3
2
3
(40)
Note that we can combine U(1)R and U(1)r into a new U(1)χ such that only the φi are charged.
The F-terms are
A1B2 = A2B1, B1A2 = B2A1, Biφ1 = φ2Bi, φ1Ai = Aiφ2. (41)
Let us start considering operators purely in the Higgs branch, i.e. those made out of Ai and Bj
with no adjoints. Imposing the F-terms, we can construct the following three operators u = A1B1,
v = A2B2 and w = A1B2 subject to the relation uv = w2 defining the C2/Z2 singularity. We can
solve this relation introducing u = z21, v = z22 and w = z1z2. Clearly (z1, z2) ∼ −(z1, z2). Hence
this way we have an explicit mapping between the states constructed above and the operators in
field theory, which we will collectively denote by OI .
Denoting by JM,R3 the third component of the SU(2)M,R , one can check that the states with
the maximal JM,R3 are of the form z
2l
1 , which becomes (A1B1)
2l
. Lower JM,R3 operators generi-
cally involve both zi and z¯i , and hence correspond to non-holomorphic operators. However, they
can be thought as descendants obtained by repeatedly acting with SU(2)M,R raising/lowering op-
erators, acting on the doublets (Ai,Bi) and (Ai, ijB†j ) respectively. Hence, every operator can
be regarded as belonging to the same multiplet as a purely holomorphic operator, hence having
the same dimension equal to the classical one.
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hence will have n charge under U(1)χ . Note also that the theory has a Z2 symmetry exchanging
the two gauge groups while at the same time doing
φ1 ↔ φ2, Ai ↔ Bi. (42)
This is just the quantum symmetry of the orbifold. We can construct operators which are not
invariant under the symmetry. Consider for example
O+ = Trφ21 + Trφ22 , O− = Trφ21 − Trφ22 . (43)
Clearly, only O+ is invariant, while O− picks a minus sign. As only twisted sector states are
charged under the quantum symmetry of the orbifold, we must conclude that the O− field comes
from the twisted sector. On the other hand, it is natural to expect that the operators capturing the
motion of the branes are neutral under this symmetry. This naturally leads to consider the branch
where φ1 = φ2, so that φn naturally corresponds to the zn3 above. In fact, the U(1)χ charge is
precisely the expected n.
2.3.1. The singular case
Since in the singular flows we placed the branes away from the tip of the singular cone, it is
natural to expect that no twisted sector field will get a VEV. Hence, let us consider the branch
of the moduli space which freezes twisted sector fields by setting φ = φ1 = φ2. Then, the F-term
relations imply that φ1,2 commute with Ai and Bi . Therefore a generic operator can be written as
TrφnOI . This exactly mimics the structure of the wavefunctions which we have found, as indeed
the |n〉 state corresponds to the φn. Such operators come in spin l representations of SU(2)M and
have dimension 2l + n, exactly as the modes found in supergravity. Thus, since only mesonic
fields take a VEV, the dual gauge theory is in a mesonic branch.
Note that we could place the stack of branes at the origin of the C plane, which would force
us to impose n = 0. Then the operators taking a VEV are purely mesonic operators on the Higgs
branch, which is then isomorphic to C2/Z2. Alternatively we could place the branes at the origin
of the C2/Z2, which would demand to set l = 0. Hence the operators taking a VEV would be
those of the form φn.
2.3.2. The resolved case and baryonic symmetry breaking
Recall that in this case we truncated R = 0 and n = 0. Hence the wavefunctions for the modes
can be translated into operators following the general discussion above upon setting R = 0 and
n = 0. The dimension of these operators is 	 = 2l + 2q . Setting for the moment q = 0, we
see that we get a tower of operators with spin l under SU(2)M and neutral under SU(2)R –
because R = 0. The lowest operator is l = 1, which has dimension 2 and includes, as its m = 0
component, the familiar U ∼ A†i Ai − BiB†i + [φ1, φ¯1] − [φ2, φ¯2] operator, which is part of the
baryonic current multiplet, just as in [1], thus supporting the claim that the resolved background
corresponds to a spontaneously broken baryonic symmetry phase.
For higher l modes one can simply use the dictionary in our general discussion above and
find the corresponding operator OI . In addition, analogously to the conifold case [1], one can
check that going one order further in c
ρ
, the dimension of the operator is 	+ 2, which suggests
that these higher order terms corresponds to insertions of powers of U , that is, to operators of the
form UnOI for n = 1,2, · · ·.
Let us now turn to the integer q . Again the wavefunctions can be read off from our general
discussion just by setting R = 0 and n = 0. It thus seems that there is no room for the extra
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which is only charged under U(1)r and has dimension 2, at least classically. Even though this is
a non-chiral field, based on the findings on the holographic dual, we conjecture that the classical
dimension continues to hold, so that the modes with higher q correspond to insertions of this
operator, that is, to T qOI . Note that this is a twisted sector field, which fits naturally within the
blow-up scenario.
As we have argued, among the lowest dimension operators taking a VEV we find the scalars
in the conserved current multiplet. Hence it is natural to identify this background with a phase
of the gauge theory where the baryonic symmetry has been spontaneously broken by giving a
VEV to a single chiral field, which, with no loss of generality we can take as A1 = c1. This
gives a VEV to a dimension 	 = N baryonic operator BA = AN1 ∼ cN . Such VEV is captured
holographically by the so-called baryonic condensate, namely an Euclidean D3 brane wrapping
X = {r1, r2,ψ,χ}. Its DBI action is
SDBI = T32
∫
X
r1r2h. (44)
Plugging in the expression for the warp factor we find2
SDBI = T32 (2π)
2
∑
l
Y˜ 0,l,0(ξ0)Y˜0,l,0(ξ)
∫
r1r2hl(r1, r2). (45)
The integrand scales asymptotically as ρ−1−2l . Hence all the l = 0 terms will give some finite ρ
integral, while the l = 0 will give a logarithmically divergent integral which has to be cut-off at
some ρc. So we can separate the l = 0 term and write
SDBI = T32 (2π)
2
∫
r1r2h0(r1, r2)
+ T3
2
(2π)2
∑
l>0
Y˜ 0,l,0(ξ0)Y˜0,l,0(ξ)
∫
r1r2hl(r1, r2). (46)
It is easy to show that the divergent term diverges like SDBI = N logρc, being ρc a UV cut-off.
This corresponds to the VEV of dimension 	 = N operator, as expected for a baryon VEV.
Alternatively, we can consider a D3 brane wrapping the blown-up S2. Its action is simply
SDBI = −T3c2π
∫
dx0dx1. (47)
This finite-tension object, which looks like a cosmic string from the field theory perspective and
is “electric–magnetic” dual to the baryon condensate, would source a δC4 such that
δF5 = (1 + )da2 ∧W, (48)
being W a 2-form in the internal space which, for r ∼ c, becomes the volume form of the blown-
up cycle while a2 is a 2-form in the Minkowski directions whose existence, along the lines in [4],
we assume here. The δF5 then contains a piece with δF5 ⊃ 4da2∧(h6W). We can locally write
2 Note that one can re-write this warped volume in terms of the Kähler form of the cone, finding SDBI = T34
∫
X h
ω2
2! ,
and hence adapt the proof in [8] to the CY3 case to conclude that VEV of the baryon condensate will have the expected
form.
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the internal space, to the blown-up 2-cycle, that is, precisely along the directions wrapped by the
baryonic condensate brane. Thus, its WZ action is of the form eiT3p
∫
h6W , that is, becomes the
phase of the VEV of the baryon. Then the Minkowski scalar p is naturally identified with the
Goldstone boson of the broken global symmetry. Furthermore, the equations of motion of δF5
demand that p satisfies d 4 dp = δ(x−x0) begin x0 the position of the cosmic string – D3 brane
– in the Minkowski, thus showing how the Goldstone boson is an axionic field winding around
the defect arising from spontaneous symmetry breaking [4].
3. 5d RG flows
We now turn to the 5d case. Naively, gauge theories in 5d are non-renormalizable. Neverthe-
less it was shown in [9] that, under certain circumstances, upon appropriately choosing gauge
group and matter content they can be at fixed points. As these theories admit a large N limit [10],
it is natural to look for a gravity dual.
For the class of theories discussed in [9] the gravity dual was found in [11] by considering Nf
D8 branes on top of an O8− probed by N D4 branes. If Nf < 8, and upon tuning the dilaton to
diverge on top of the 8-brane stack, the near brane geometry becomes AdS6 × Sˆ4, being Sˆ4 half of
a 4-sphere due to the left-over of the orientifold projection in the near brane region. On the other
hand, the dual field theory is a USp(2N) gauge theory with one antisymmetric hypermultiplet.
As opposed to lower dimensionalities, AdS6 geometries are very scarce [12].3 However, the
basic AdS6/CFT5 duality can be naturally extended by orbifolding the internal space [15]. The
geometry becomes AdS6 × Sˆ4/Zk , while the dual fixed point theory is a quiver gauge theory
whose details depend on whether k is even or odd and, in the former case, how exactly the
orientifold projection acts.
In order to ease the discussion, let us concentrate in the following on the case of a Z2 orbifold
and set, for simplicity, Nf = 0. As discussed in [15], there are two possible orientifold projec-
tions, depending on their action on the twisted sector of the orbifold projection. In the so-called
vector structure (VS) case the orientifold projection keeps a 5d hypermultiplet from the orbifold
twisted sector so that the resulting theory is a USp(2N) × USp(2N) gauge theory with bifun-
damental matter. In turn, the so-called no-vector structure (NVS) projection keeps a 5d vector
multiplet and leads to a SU(2N) gauge theory with 2 antisymmetric hypermultiplets.
Both theories correspond to N D4 branes probing an O8− wrapping C2/Z2 and are dual to
exactly the same AdS6 × Sˆ4/Z2 background. Reassuringly, in both cases the classical flavor-blind
sector of the Higgs branch – probed by dual giant gravitons spinning in Sˆ4/Z2 – is precisely the
A1 singularity [16] (see also [17] for further holographic checks regarding operator counting in
orbifold theories).
We are interested in exploring flows in these theories triggered by VEVs of operators. Just as
in the 4d case discussed in the previous section, in the gravity dual we can imagine either moving
the stack of branes sourcing the geometry away from the orbifold singularity or alternatively
blowing up the singularity. Note that, on general grounds, if the singularity is blown-up a brane
behaving as a cosmic string will be allowed [15]. Hence exactly as in the 4d case it is natural
to expect the flows in the singular cone to be triggered by mesonic VEVs while those on the
resolved cone to be triggered by baryonic VEVs. However, while the NVS has a U(1)B baryonic
3 See however [13,14] for new AdS6 geometries.
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VS case removes the blow-up mode for the orbifold singularity while keeps it in the NVS case.
Hence, even though the same AdS6 × Sˆ4 background is dual to both the VS and the NVS theories,
the spectrum of allowed fluctuations will be different. In particular the resolution mode is only
present in the NVS case. Thus, when dealing with flows in the resolved conifold, we must refer
to the NVS case, where the blow-up mode is allowed and the dual CFT has a U(1)B symmetry.
On general grounds, the geometry sourced by N D4 branes probing a stack of Nf D8 branes
on top of an O8− plane must be of the form
ds2 = Ω2(z){h− 12 dx21,4 + h 12 [ds24 + dz2]}, (49)
where
Ω(z) =
(
3
2
mz
)− 16
. (50)
In addition to the Romans mass F0 = m, there is a 6-form field strength given by the standard
Freund–Rubin ansatz
F6 = d
(
h−1
)
dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dx4. (51)
The equations of motion of the 6-form fix h to satisfy
d
(
Ω−2 5 dh
)= Cδ; (52)
where 5 is the Hodge-star operator with respect to the ds24 + dz2 metric, C a normalization
constant proportional to N and δ a source term supported at the location of the D4 branes.
The ds24 stands for the metric on the transverse space to the D4s inside the 8-branes. In the
singular case it is just the singular A1 space. Locating the D4s at the tip we obtain the warped
AdS6 × Sˆ4/Z2 geometries of [15]. The warp factor of the AdS6 is a function of the azimuthal
angle α of the Sˆ4. Moreover, one can see that both curvature and dilaton diverge at the north pole
of the Sˆ4 when α = 0, which is then identified with the location of the orientifold. This should
expected since, in order to find the fixed point theory, we need to remove the bare YM coupling,
which in the gravity side amounts to tune the dilaton to diverge on top of the orientifold plane.4
Note that, even though the geometry blows-up at α = 0 and in principle the full string theory
should be used to describe the physics there, at least certain quantities are well-defined in the
supergravity solution. In fact, the part of the Higgs branch not involving fundamental fields is
well-captured by giant gravitons spinning at α = 0 [16].
In the following we will be interested on moving the branes away from the singularity as well
as on replacing the singular A1 space by its resolution. On general grounds we expect the first
type of geometries to correspond to RG flows triggered by mesonic VEVs – and hence possible in
both the VS and NVS cases – while the second ones to correspond to flows triggered by baryonic
VEVs. Of course, as described above, the latter can only happen in the NVS case.
3.1. Flows on the singular space
Let us concentrate on flows on the singular space. The equation of motion for h is
4 In fact, due to string duality, this suggests the emergence of enhanced global symmetries in these fixed point theories
[9].
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r3
∂r
(
r3∂rh
)+ 1
z
1
3
∂z
(
z
1
3 ∂zh
)+ 4
r2
	h+ 4
r2
∂2ψh = Cδ. (53)
We localize the branes at a given point ξ0 in the angular coordinates ξ = {ψ,θ,φ}. Following the
same procedure as above we expand
h =
∑
hI (r, z)Y˜

I (ξ0)Y˜I (ξ), (54)
where the Y˜I functions are the eigenfunctions of the 	 Laplacian introduced above. Note that
now we do not have the circle χ – the transverse space to the A1 singularity in the internal
directions is just a line. Hence our multi-index I only involves {R, l,m}. We find the following
equation for the function hI
1
r3
∂r
(
r3∂rhI
)+ 1
z
1
3
∂z
(
z
1
3 ∂zhI
)− 4l(l + 1)
r2
hI = Cδ. (55)
It is useful to switch to polar coordinates in the {r, z} plane defining r = ρ cosα and z = ρ sinα.
We then find
h<I =
1
ρ
10
3
(
ρ
ρ0
)a
cos2l α 2F
1
[
−a
2
+ l, 5
3
+ a
2
+ l,2 + 2l, cos2 α
]
↔ ρ < ρ0,
h>I =
1
ρ
10
3
(
ρ0
ρ
)a
cos2l α 2F
1
[
−a
2
+ l, 5
3
+ a
2
+ l,2 + 2l, cos2 α
]
↔ ρ > ρ0. (56)
As described above, the north pole of the S4 has to be treated with care in this case, as both
dilaton and curvature diverge there. Hence, we need to carefully discuss the boundary conditions
to be imposed on α. To that matter, let us consider a generalized version of the eom in the singular
case
1
r31
∂r1
(
r31∂r1ϕ
)+ 1
ra2
∂r2
(
ra2 ∂r2ϕ
)− 4l(l + 1)
r21
ϕ = 0, (57)
so that a = 1 is the eom for the AdS5 case and a = 13 the eom for the AdS6 case.
The equation depends on the eigenvalue l. We can consider two copies of the equation for
modes for different eigenvalues l1,2. Manipulating them, we find
∂r1
(
r31 r
a
2 (χ∂r1ϕ − ϕ∂r1χ)
)+ ∂r2(r31 ra2 (χ∂r2ϕ − ϕ∂r2χ))
= [4l1(l1 + 1)− 4l2(l2 + 1)]r1ra2 ϕχ. (58)
So defining the “current”
ji = r31 ra2 (χ∂ri ϕ − ϕ∂ri χ), (59)
we can write
∂ri jri =
[
4l1(l1 + 1)− 4l2(l2 + 1)
]
r1r
a
2 ϕχ. (60)
Hence we find a good candidate for internal product for our wavefunctions, namely
〈χ |ϕ〉 ∼
∫
r1r
a
2 χϕ, (61)
provided we impose boundary conditions such that
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∫
∂ri jri =
∫
∂
jri dri = 0. (62)
We will be interested on normalizable wavefunctions for which the above inner product is well-
defined. This can be done by demanding the current to vanish on the α = 0 singularity. One can
easily check that this is satisfied provided that a = 2l, so that finally, and upon fixing the correct
normalization, we have
h<I =
C
10
3 + 4l
1
ρ
10
3
0
(
ρ
ρ0
)2l
cos2l α ↔ ρ < ρ0,
h>I =
C
10
3 + 4l
1
ρ
10
3
(
ρ0
ρ
)2l
cos2l α ↔ ρ > ρ0. (63)
The leading term in the asymptotic region is ρ− 103 . Recalling that the AdS6 radial coordinate is
 = ρ 23 it is easy to see that, together with the contribution from the overall Ω2 warping, we
recover, in the asymptotic region, the warped AdS6 × Sˆ4/Z2 geometry. This strongly suggests
that this geometry again corresponds to a flow in the original gauge theory triggered by a VEV.
We could again check our results against a computation performed upon changing from the
beginning into polar coordinates. Just as in the AdS5 case one easily obtains the same spectrum
upon imposing the appropriate quantization conditions on the quantum numbers.
3.2. Flows on the resolved space
We now change the ds24 metric for that of the Eguchi–Hanson space with resolution parame-
ter c. As stressed above, c = 0 is only possible in the NVS case, as the VS projection kills this
mode. The equation for h is now
1
r3
∂r
(
r3f ∂rh
)+ 1
z
1
3
∂z
(
z
1
3 ∂zh
)+ 4
r2
	h+ 4
r2f
∂2ψh = Cδ. (64)
Since we will place our stack of D4 branes on the blow-up S2 where the ψ circle shrinks, we
will set R = 0. Then, expanding h =∑I hI Y˜ I (ξ0)Y˜I (ξ), we find an equation for hI in the {r, z}
plane. As in the AdS5 case, this equation is fairly complicated, so we will content ourselves with
the analysis of the asymptotic properties. Switching to the {ρ,α} polar coordinates we write
hI =
(
c
ρ
)a
f (α). (65)
We then find the equation(−10a + 3a2 − 6m2 + a(−10 + 3a) cos(2α))f sinα
+ cosα(2(−4 + 5 cos(2α))f ′ + 3 sin(2α)f ′′)= 0, (66)
where m2 = 4l(l + 1). The solution to this equation is
f = cos2l α 2F 1
[
5
3
− a
2
+ l, a
2
+ l,2 + 2l, cos2 α
]
. (67)
Demanding the current to vanish at α = 0 sets
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3
+ 2l. (68)
Hence
hI = 1
ρ
10
3
(
c
ρ
)2l
cos2l α. (69)
Therefore, when written in the  radial coordinate and taking into account the overall warp
factor Ω , this geometry is again asymptotically the same AdS6 × Sˆ4/Z2 cone, thus showing that
it must correspond to a VEV deformation of the original – recall, NVS – CFT.
3.3. Gauge theory
Let us now turn to the gauge theory operators. Borrowing the discussion in Section 2.3, it is
clear that the Y˜I wavefunctions must correspond to the states in Eq. (37).
On the other hand, the two gauge theories relevant to our discussion are, respectively,
a USp(2N) × USp(2N) gauge theory with bifundamental matter in the VS case and a SU(2N)
theory with an antisymmetric hypermultiplet in the NVS case. In both cases we can add up to 8
fundamental hypermultiplets. Nevertheless our wavefunctions do not involve any flavor quantum
number, signaling that the geometry is blind to flavor degrees of freedom. Recall that in [16] the
geometry was not able to capture operators on the Higgs branch involving fundamental matter,
since the open string sector corresponding to D8–D8 strings which would be responsible for
those operators is just not present in the near brane limit geometry (this is a generic feature when
including flavor as non-compact larger branes into the gauge/gravity duality, as the decoupling
limit freezes such modes). Hence it comes as no surprise that in this case the same happens.
Because of this we will set Nf = 0.
For future reference, let us spell the symmetries in each case and the representations of each
field. In the VS case the global non-R symmetry is SU(2)M × U(1)I1 × U(1)I2 , being SU(2)M
a global mesonic symmetry acting on the hypermultiplet. Besides, U(1)I1,2 are the topological
symmetries associated to each gauge group. On the other hand, in the NVS case, the global non-R
symmetry is SU(2)M × U(1)B × U(1)I , where again SU(2)M is a global mesonic symmetry
acting on the antisymmetric hypermultiplet. Besides U(1)B is a baryonic symmetry under which
one complex doublet in the antisymmetric hyper – call it A1 – has charge 1 and the other – call
it A2 – has charge −1. Finally U(1)I is the topological symmetry associated to the gauge group.
In addition, in both cases there is a global SU(2)R symmetry.
It is important to recall that the correct AdS coordinate is . Hence the modes both in the
singular and resolved cases scale like 3l , and thus correspond to 	 = 3l operators. Note that
indicates no large anomalous dimension, even though, just as in the 4d case, some of the operators
taking VEV will be non-chiral (in the 4d sense). This is again due to the combination of SU(2)M
and SU(2)R , which allows to place any operator in the same multiplet as a chiral operator.
3.3.1. The singular case
As described above, the geometries corresponding to placing the stack away from the singular-
ity correspond to flows triggered by VEVs of mesonic operators. These flows exist in both VS and
NVS theories, which, consequently, have an identical spectrum of mesonic operators [15–17]. In
fact, in both cases the mesonic moduli space is classified under the SU(2)M × SU(2)R global
symmetry, common to both VS and NVS. Using this, since the Y˜I correspond to the states in
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late among fluctuations and their corresponding operators – basically those listed in [16,17] –
finding a perfect matching. Exactly as in the 4d case, the SU(2)R ×SU(2)M allows to relate non-
holomorphic operators to holomorphic ones, hence ensuring that the dimensions should equal
the classical ones. Note in particular that SU(2)M spin l operators involve 2l scalars – which in
5d are dimension 32 , and hence they have the expected 	 = 3l.
Note that the operators so constructed belong to the Higgs branch. As opposed to the case
of 4d gauge theories, in 5d the R-symmetry does not contain a U(1)r . In particular this stands
for the fact that the scalar φ in the 5d vector multiplet is a real field. Hence the n quantum
number analogous to that in Section 2.1 is absent. Nevertheless one might wonder about operators
including q powers of φ, which in this case seems to be absent. Indeed, the boundary conditions
setting the current at α = 0 to zero don’t allow for any other quantum number in any similar
way to the q in Section 2.2. In support of this, analogously to Section 2.1.1, one can repeat the
computation in polar coordinates from the beginning and make use of angular eigenfunctions on
the S4 to impose the correct quantization conditions. However, on the S4 the eigenfunctions are
classified into SO(5) reps. The two Cartans of SO(5) must correspond to l3 and R, so there is no
room for another quantum number, in agreement with the discussion above.
3.3.2. The resolved case
We now turn to the resolved case. As emphasized above, the resolution mode is only allowed
in the NVS case. Hence, the fluctuations we have obtained correspond to the states in Eq. (37)
upon setting R = 0.
The lowest-dimensional operators taking a VEV is a triplet of scalars involving U ∼ A1A†1 −
A2A
†
2 at m = 0. These correspond to the scalars in the U(1)B conserved current multiplet as
expected for a flow triggered by a baryonic VEV.
With no loss of generality we can assume a VEV for the A1 field proportional to c. Then, the
baryon-like operator B = AN1 of dimension 	 = 32N would acquire a VEV. On the other hand,
we can consider an Euclidean D2 brane wrapping X = {r, z,ψ}, which stands for the baryonic
condensate [15]. The DBI action for the brane is
SDBI = i T22 (2π)
(
2
3m
)− 13 ∫
X
rz
1
3 h. (70)
Asymptotically the integrals for the hI modes are∫
dρ ρ−1−2l (71)
so again the l > 0 yield finite integrals, while the l = 0 term leads to a logarithmically divergent
term which has to be regulated by a cut-off. It is easy to see that, upon using the correct AdS
radial coordinate , the leading divergence goes like 32N logc, being c the UV cut-off. Hence
this corresponds to the dimension of the expected baryon operator VEV, namely 	 = 32N . Fur-
thermore, we can consider a D4 brane wrapping the blown-up S2 and describing a cosmic string
in the field theory directions – which is a (1 + 2)-dimensional defect in 5d. Its DBI action is
SDBI = −T4
∫
e−ΦΩ5h−
1
4
c2
sin θ = −T4c2π
∫
dx0dx1dx2. (72)
4
628 A. Pini, D. Rodríguez-Gómez / Nuclear Physics B 884 (2014) 612–631So we find a finite-tension object “electric–magnetic” dual to the baryon condensate. The δF6
sourced by the brane is of the form
δF6 = da3 ∧W ; (73)
being W a closed 2-form in the internal space which asymptotes to the volume form of the
blown-up S2. The dual δF4 is of the form
δF4 = 5da3 ∧
(
Ω−2h internal W
)
. (74)
Writing 5da3 = dp, a local integration is
δC3 = p ∧
(
Ω−2h internal W
)
. (75)
It is clear that (Ω−2hinternalW) threads the cycle wrapped by the baryonic condensate, so that its
WZ action is proportional to ip. Therefore we see that indeed the baryon condensate captures the
baryonic VEV including the Goldstone boson of the broken symmetry. The D4 brane is nothing
but the cosmic string around which the Goldstone boson of the – spontaneously broken – baryon
symmetry winds.
4. Conclusions
In this paper we have studied geometries dual to flows triggered either by mesonic and bary-
onic VEVs in gauge theories with 8 supercharges in 4 and 5 dimensions. As opposed to theN = 1
flows well studied in the literature such as e.g. [1], in this case we need to solve an involved PDE,
whose general solution in the resolved cases we have not been able to find.
At the bottom of the geometries, close to the source branes, we expect an AdS throat to
emerge, corresponding to the IR fixed point. Unfortunately, due to the lack of explicit solution to
the PDE in the resolved cases, we have not been able to explicitly show it.
Quite remarkably, even though some of the operators taking VEVs in our flows are non-chiral,
the dimensions are those of the free field theory. As explained above, this is due to the SU(2)M ×
SU(2)R symmetry, whose combination allows to regard any non-chiral operator as in the same
multiplet of a chiral operator. It is interesting to note that this seems to be a property of the Z2
orbifold theories, as for a generic Zp orbifold the mesonic symmetry is just U(1)M . We leave a
detailed study for the future.
In the 5d case the singularity at α = 0 plays an important role in providing the correct quanti-
zation conditions. Indeed, without such conditions one seems to obtain regular modes elsewhere
for an arbitrary a – basically the scaling dimension of the dual operator, since we consider
hI ∼ ρ−af (α) –. However, demanding the vanishing of the current at α = 0 yields to the cor-
rect AdS6 asymptotics – which demand an overall ρ−
10
3
– and gives the correct – and discrete
– dimension to the operators. As raised in the text, one slightly puzzling feature is that the 5d
operators taking a VEV are purely Higgs branch operators with no vector multiplet scalar inser-
tions. Note that, despite its singularity at α = 0, the SUGRA background captures well the CFT
properties, as it also happens in the case of [16].
The resolved geometries correspond to flows triggered by VEVs of baryonic operators. Indeed
we find a fully consistent picture, with the baryonic VEV being identified with the appropriate
baryonic condensate brane. Its DBI action gives the modulus of the VEV with the expected
dimensional scaling. While we have not been able to compute the finite, wavefunction, part of
the action since we don’t have the exact form for the warp factor, we expect a similar result as in
A. Pini, D. Rodríguez-Gómez / Nuclear Physics B 884 (2014) 612–631 629[1]. In fact, in the AdS5 case, where the internal space is the base of a CY3 cone, we can simply
borrow the general result in [8] appropriately adapted to the CY3 case. On the other hand, the DBI
action for the baryon condensate brane is nicely proportional to the Goldstone boson, sourced
by a finite-tension cosmic string brane. While we have not been able to check the existence and
properties of the required W -form since, for a start, the exact hI are not known, we believe that
it will exist along the lines of [4].
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Appendix A. Some explicit details about the CY3 structure of C2/Z2 ×C
Being a direct product, the metric on the singular C2/Z2 ×C can be easily written as
ds26 = dXIgIJ6 dXJ = dr21 +
r21
4
(dψ + cos θdφ)2
+ r
2
1
4
(
dθ2 + sin2 θdφ2)+ dr22 + r22dχ2, (76)
where ψ ∈ [0,2π ]. Note that, upon introducing r1 = ρ cosα, r2 = ρ sinα the metric becomes
just dρ2 + ρ2ds2
S5/Z2
.
We can write the metric on the resolved C2/Z2 ×C simply by plugging the Eguchi–Hanson
metric in the C2/Z2 piece as
ds26 =
dr21
f (r1)
+ r
2
1
4
f (r1)(dψ + cos θdφ)2 + r
2
1
4
(
dθ2 + sin2 θdφ2)+ dr22 + r22dχ2, (77)
being
f (r1) = 1 − c
4
r41
. (78)
Introducing complex coordinates {z1, z2, z3} defined as
z1 =
(
r41 − c4
) 1
4 ei
ψ+φ
2 cos
θ
2
, z2 =
(
r41 − c4
) 1
4 ei
ψ−φ
2 sin
θ
2
, z3 = r2eiχ , (79)
it is easy to check that the Kähler potential reads
F = c2
√
1 + z1z¯1 + z2z¯2
c4
− c2 log
(
1 +
√
1 + z1z¯1 + z2z¯2
c4
)
+ c2 log
(
1 + z1z¯1
z2z¯2
)
+ z3z¯3. (80)
Furthermore, introducing the natural complex 1-forms
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1 − c4
r41
+ i r1
2
√
1 − c
4
r41
g5,
e2 = r12 (dθ − i sin θdφ), e3 = dr2 + ir2dχ, (81)
where g5 = dψ + cos θdφ, one can easily verify that the Kähler form arising from the Kähler
potential is just ω =∑3i=1 ei ∧ e¯i . The holomorphic 3-form is
Ω = ei(ψ+χ)e1 ∧ e2 ∧ e3. (82)
One can easily verify that
dΩ = 0, dω = 0, Ω ∧ω = 0. (83)
This explicitly shows the CY3 structure of the resolved C2/Z2 ×C.
Appendix B. The eigenfunctions Y˜R,l,m
In Section 2.1 we used the eigenfunctions YI (χ, θ,ψ,φ) of the Laplacian on the singular
cone. In this appendix we provide a short review of their construction following [8].
The Laplacian on C2/Z2 is given by
1
r31
∂r1
(
r31∂r1
)+ 1
r21
(
4	+ 4∂2ψ
)
, (84)
being
	 = 1
sin θ
∂θ (sin θ∂θ )+
(
∂φ
sin θ
− cot θ∂ψ
)2
. (85)
Hence, the angular Laplace equation on C2/Z2 is(
4	+ 4∂2ψ
)
Y˜R,l,m = −EˆR,l,mY˜R,l,m. (86)
Let us start by considering the reduced problem
4	Y˜R,l,m(θ,ψ,φ) = −ER,l,mY˜R,l,m(θ,ψ,φ). (87)
Inspection of the 	 Laplacian suggests that the {ψ,φ} part can be diagonalized by writing
Y˜R,l,m(θ,ψ,φ) = eiRψeimφJl,m(θ). (88)
Since both ψ,φ have period 2π it follows that both R,m must be integers in order to ensure
single-valuedness. Furthermore, Jl,m(θ) must satisfy
1
sin θ
∂θ
(
sin θ∂θJl,m(θ)
)−( m
sin θ
−R cot θ
)2
Jl,m(θ) = −ER,l,m4 Jl,m(θ). (89)
The solutions to this equation are
JAl,m(θ) = sinm θ cotR
θ
2 2
F 1
[
−l +m,1 + l +m,1 +m−R, sin2 θ
2
]
, (90)
and
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θ
2 2
F 1
[
−l +R,1 + l +R,1 −m+R, sin2 θ
2
]
, (91)
in both cases the eigenvalues are
ER,l,m = 4
(
l(l + 1)−R2). (92)
Hence it immediately follows that 	Y˜R,l,m = −(l(l + 1)−R2)Y˜R,l,m.
It is easy to see that if R >m the solution JAl,m(θ) is singular around θ = 0; while, if R <m it
is the solution JBl,m(θ) that becomes singular. Therefore, depending on the value of R, we should
select only one of the two solutions. Furthermore, regularity around θ = π demands l to be an
integer such that l ≥ |m| and l ≥ |R|.
Coming back to the full problem (86), it is clear that the functions Y˜R,l,m are also eigenfunc-
tions of the angular Laplacian 4	+ 4∂2ψ with
EˆR,l,m = 4l(l + 1). (93)
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